Let G 0 be a either SL n (F q ), the special linear group over the finite field with q elements, or PSL n (F q ), its projective quotient, and let Σ be a symmetric subset of G 0 , namely, if x ∈ Σ then x −1 ∈ Σ. We find a certain set R(G 0 ) of irreducible representations of G 0 whose size is at most 5, such that Σ generates G 0 if and only if |Σ| is not an eigenvalue of σ∈Σ ρ(σ) for every ρ ∈ R(G 0 ).
Introduction
Let G be a finite group, and let Σ be a symmetric subset of G, namely, if x ∈ Σ then x −1 ∈ Σ. We look for criteria to determine whether Σ generates G.
For a representation ρ of G, define
Then, the following proposition presents one such criterion.
Proposition 1.1. Let G be a finite group, and let Σ be a symmetric subset of G. Then, Σ generates G if and only if for every nontrivial irreducible representation ρ of G, the maximal eigenvalue of A ρ (Σ) is strictly less than |Σ|.
We prove this proposition using Cayley graphs. Before we prove the proposition, we define and state several facts about Cayley graphs.
Define Cay(G, Σ), the Cayley graph of G with respect to Σ, as the |Σ|-regular graph whose vertices are the elements of G, and edges are (g, gs) for all g ∈ G and s ∈ Σ (with a single edge between g and gs if s 2 = 1). By the definition of the Cayley graph, Σ generates G if and only if Cay(G, Σ) is connected.
For a graph Γ with n vertices, let λ 1 (Γ) ≥ λ 2 (Γ) ≥ . . . λ n (Γ) be the eigenvalues of the adjacency matrix of the graph. The graph is connected if and only if λ 1 (Γ) has multiplicity 1, namely, if λ 1 (Γ) λ 2 (Γ). In this situation, we say that the graph admits a spectral gap.
Applying it to the case of Cayley graphs, we deduce that the graph Cay(G, Σ) admits a spectral gap if and only if Σ generates G. Therefore, we consider the adjacency matrix of the Cayley graph, and study its spectrum.
The adjacency matrix of Cay(G, Σ) is equal to A ρ Reg (Σ), where ρ Reg is the right regular representation of G, that is, the permutation representation of the action of G on itself, defined by right multiplication.
A known fact in representation theory 1 states that the regular representation ρ Reg decomposes to the sum of all of the irreducible representations of G, each with multiplicity equal to its dimension. Therefore, the eigenvalues of A ρ Reg (Σ) are (up to multiplicities) the union of the eigenvalues of A ρ (Σ), for every irreducible representation ρ of G. As such, every eigenvalue of A ρ Reg (Σ) can be associated with some irreducible representation ρ of G. For example, the eigenvalue associated with the trivial representation is λ 1 (Cay(G, Σ)) = |Σ|.
We can now prove the proposition.
Proof of Proposition 1.1. The set Σ generates G if and only if the Cayley graph Cay(G, Σ) is connected. This graph is connected if and only if it admits a spectral gap, namely that λ 2 (Cay(G, Σ)) |Σ|. The eigenvalues of A ρ Reg (Σ) are (up to multiplicities) the union of the eigenvalues of A ρ (Σ), for every irreducible representation ρ of G. This implies that Σ generates G if and only if for every nontrivial irreducible representation ρ of G, the maximal eigenvalue of A ρ (Σ) is strictly less than |Σ|.
When n ∈ Z ≥1 is large enough, consider the symmetric group S n . It is known that for several types of sets Σ, there exists some set R of irreducible representations of S n with |R| ≤ 8, such that the second largest eigenvalue of the Cayley graph is always associated with some representation in R. Then, it is much easier to determine the spectral gap λ 1 (Cay(S n , Σ)) − λ 2 (Cay(S n , Σ)). In particular, it is much easier to determine whether Cay(S n , Σ) admits a spectral gap, as the matrices of these representations are of a dimension much smaller than n! = |S n |, the dimension of the regular representation. See [CLR10] and [PP18] .
Given a finite group G, this problem can be naturally generalized to the problem of finding a relatively small set R of irreducible representations of G, such that the second largest eigenvalue of A ρ Reg (Σ) is associated with some representation in R. Then, the second largest eigenvalue of A ρ Reg (Σ) is the largest eigenvalue of one of the matrices {A ρ (Σ) : ρ ∈ R}.
In this paper, we consider the following relaxation of this generalized problem. Given some finite group G, we wish to find some relatively small set R of irreducible representations of G, such that for every symmetric subset Σ, Cay(G, Σ) admits a spectral gap (equivalently, Σ generates G) if and only if the eigenvalues of A ρ (Σ) are strictly less than |Σ| for all ρ ∈ R.
To study this problem, we introduce the following definitions. We use the notation f 1 , f 2 G := 1 |G| g∈G f 1 (g)f 2 (g), for f 1 , f 2 : G → C.
Definition 1.2. Let G be a finite group, and let φ and ψ be some characters of G. We write φ ⊇ ψ φ ⊇ ψ if there exists some character φ ′ of G such that φ = ψ + φ ′ . If ψ is an irreducible character, φ ⊇ ψ if and only if ψ is a summand of φ in its decomposition to irreducible characters, namely, if and only if φ, ψ G > 0. Definition 1.3. Let G be a finite group, let X be a set of characters of G and let K be a subgroup of G. We write X marks K X marks K if there exists some χ ∈ X such that χ ⊇ ½ K .
If X = {χ}, we may omit the curly brackets and write that χ marks K.
The following proposition shows the connection between these definitions and the eigenvalues of A ρ (Σ). Note that the proposition considers only a subset of the nontrivial irreducible representations of G, unlike Proposition 1.1 that considers every nontrivial irreducible representation.
Let K := Σ , and assume K G. Then, there exists some χ ∈ X for which χ| K ⊇ ½ K .
Let ρ be its representation.
Since Σ ⊆ K, A ρ (Σ) = A ρ| K (Σ), we deduce that the eigenvalues of A ρ (Σ) contain the single eigenvalue of A ½ K (Σ), which is precisely |Σ|.
Remark The condition that X contains only nontrivial characters is important, since for every group G the character ½ G marks every subgroup of G.
Example 1.5. Using this proposition, we see that the classification of finite multiply transitive groups (e.g. [DM96, Chapter 7.7] or [Cam81, Theorem 5.3]) gives a subset X (S n ) of characters of S n , for n ≥ 25, such that X (S n ) marks every proper subgroup of S n .
Let n ≥ 25, and let χ ′ be the character of the permutation representation associated with the action of S n on tuples of 4 distinct elements of {1, . . . , n}. Denote χ = χ ′ − ½ Sn .
It is easy to see (with the details given in Proposition 2.4) that for all K G, χ| K ⊇ ½ K if and only if K acts transitively on these 4-tuples. This is equivalent to saying that K is 4-transitive with respect to this action. By the classification, this implies that K is either S n or the alternating group A n . Therefore, we define X (S n ) to be the collection of irreducible summands of χ, along with the sign character. Then, X (S n ) marks every proper subgroup of S n . By calculating the decomposition of χ to irreducible characters, we deduce that the characters in X (S n ) are parametrized 2 by the following 3 12 partitions of n:
   (n − 1, 1), (n − 2, 2), (n − 2, 1 2 ), (n − 3, 3), (n − 3, 2, 1), (n − 3, 1 3 ), (n − 4, 4), (n − 4, 3, 1), (n − 4, 2 2 ), (n − 4, 2, 1 2 ), (n − 4, 1 4 ),
(1 n )
For a prime power q, let F q be the field with q elements. In this paper, we prove similar results about the general linear group over a finite field GL n (F q ) and its relatives -PGL n (F q ), SL n (F q ) and PSL n (F q ). For n ≥ 3, the group GL n (F q ) acts 2-transitively on the projective space P n−1 F q , and every subgroup of GL n (F q ) with a 2-transitive action on the projective space contains SL n (F q ) ([CK79]), except in the exceptional case where n = 4 and q = 2. Thus, we may attempt to apply the methods we used for S n on these groups, along with the classification of multiply transitive groups. However, two differences with the case of S n arise.
First, in the case of S n , we define a set of characters X (S n ) that marks every subgroup of S n that does not contain A n , and then we add the sign character, which satisfies sgn| An ⊇ ½ An , to obtain X (S n ).
In the case of GL n (F q ), the same arguments would give a set of characters X (GL n (F q )) that marks every subgroup of GL n (F q ) that does not contain SL n (F q ). In general, there exists no single character we can add to X (GL n (F q )) to obtain some set X (GL n (F q )) that marks every proper subgroup of GL n (F q ) (see Corollary B.9), and the number of characters we need to add can be very large for values of q where q − 1 has a large number of prime factors.
Thus, we only find a set of characters X (GL n (F q )) that marks every subgroup of GL n (F q ) that does not contain SL n (F q ) in this paper. Then, by restricting the characters in X (GL n (F q )) to SL n (F q ) (all of the characters in this set reduce irreducibly), we obtain a set of characters X (SL n (F q )) of SL n (F q ) that marks every proper subgroup of SL n (F q ).
Second, the character of the permutation representation associated with the action of GL n (F q ) on pairs of projective vectors in P n−1 F q decomposes to q + 3 distinct irreducible characters for every n ≥ 4. Our aim is to obtain sets X (GL n (F q )) of nontrivial irreducible characters whose sizes are bounded uniformly in n and q.
Therefore, we take a slightly different approach. Then, we obtain sets X (GL n (F q )) with |X (GL n (F q ))| ≤ 5.
Main Results
In the representation theory of GL n (F q ), several classes of characters arise. One of these classes is the class of unipotent characters, which are irreducible characters parametrized by partitions of n (for more information about the representation theory of GL n (F q ), see Section 3).
The unipotent characters are closely related to the action of GL n (F q ) on the projective space P n−1 F q , and have a fundamental role in the group's representation theory. For example, χ (n−1,1) (g) counts the number of fixed points of g in this action, minus 1. The character χ (n−2,2) (g) counts the number of 2-dimensional projective subspaces W with gW = W , minus the number of fixed points of g.
It turns out that the unipotent characters can be defined in a natural way for the projective and special groups as well -see Section 5.1 and Section 5.2. Thus, by abuse of notation, we define
for G either GL n (F q ) or one of its relatives, when n ≥ 3 and (n, q) = (4, 2). The character χ α is omitted if α is not a partition 4 .
Theorem 1.6. Let n ≥ 3 and q a prime power, such that (n, q) = (4, 2). Let G be either GL n (F q ) or PGL n (F q ), and let G ′ ≤ G be SL n (F q ) or PSL n (F q ) respectively. Then, X (G) marks every subgroup of G that does not contain G ′ .
Theorem 1.7. Let n ≥ 3 and q a prime power, such that (n, q) = (4, 2). Let G be either SL n (F q ) or PSL n (F q ). Then, X (G) marks every proper subgroup of G.
Note that we do not claim that these sets X (G) are unique, nor that they are minimal.
GL 4 (F 2 ) For completeness, we present the following theorem that deals with the exceptional case of the previous theorems. For this case, let ψ be the single irreducible character of degree 7 of GL 4 (F 2 ) ∼ = A 8 (the character of the permutation representation associated with the action on 8 elements, minus the trivial). Here, q = 2 implies that GL 4 (F 2 ) is equal to all of its relatives. Denote
Theorem 1.8. X (GL 4 (F 2 )) marks every proper subgroup of GL 4 (F 2 ).
GL 2 (F q ) We present here the case of n = 2 as well. In this case, there exists a single nontrivial unipotent character, χ (1,1) , which does not encode enough information about subgroups of GL 2 (F q ), since χ (1,1) | K ⊇ ½ K for every K ≤ GL 2 (F q ) that acts transitively on P 1 F q . There are such subgroups that do not contain SL 2 (F q ). For example, GL 1 (F q 2 ) acts transitively on F q 2 \ 0. By the isomorphism F q 2 ∼ = F 2 q of vector spaces over F q . We get an inclusion GL 1 (F q 2 ) GL 2 (F q ). Thus, GL 2 (F q ) has transitive subgroups that do not contain SL 2 (F q ), and an additional character is required.
For G either GL 2 (F q ) or one of its relatives, consider the irreducible character ψ 1 , defined in Definition 6.1. Denote X (G) := {χ (1,1) , ψ 1 } ⊆ G.
Theorem 1.9. Let q be a prime power, let G be either GL 2 (F q ) or PGL 2 (F q ), and let G ′ ≤ G be SL 2 (F q ) or PSL 2 (F q ) respectively. Then, X (G) marks every subgroup of G that does not contain G ′ .
Theorem 1.10. Let q be a prime power, and let G be either SL 2 (F q ) or PSL 2 (F q ). Then, X (G) marks every proper subgroup of G.
Proof Strategy
Consider the family of subgroups GL n (F q ) with n ≥ 3, along with their special subgroups SL n (F q ) ≤ GL n (F q ). Denote by GL n (F q ) the collection of irreducible characters of GL n (F q ). We wish to find sets of nontrivial characters X (GL n (F q )) ⊆ GL n (F q ) of bounded size (with respect to both n and q), that mark every subgroup of GL n (F q ) that does not contain SL n (F q ).
The following notion of transitivity plays an important role in the proof:
Definition 1.11. Let G be a finite group acting on some set X, let K ≤ G, let ℓ ∈ Z ≥1 , and let x 1 , . . . , x ℓ be distinct elements of X. We say that K is (
4. Let e i be the point in P n−1 F q represented by the ith element of the standard basis of F n q . For ℓ ≤ n, K ≤ GL n (F q ) is (e 1 , . . . , e ℓ )-GL n (F q )-transitive if and only if for every pair of ℓ-tuples of linearly independent projective vectors -(x 1 , . . . , x ℓ ) and (y 1 , . . . , y ℓ ) -there exists an element k ∈ K such that ∀ i : kx i = y i . 5. SL n (F q ) is (e 1 , . . . , e n )-GL n (F q )-transitive.
We can now describe the framework for the proof. Let G n = GL n (F q ) for n ≥ 3, acting on the sets X n = P n−1 F q . The sets X n are increasing with respect to inclusion i n : P n−1 F q ֒→ P n F q , i n (x 1 , . . . , x n ) = (x 1 , . . . , x n , 0). Denote Y := X 3 = P 2 F q , and consider the stabilizer (G n ) Y = {g ∈ G n : gY = Y }, which can be realized as the group of upper diagonal block matrices
It projects to the symmetry group of Y , and we denote its image by H. Note that H ∼ = PGL 3 (F q ). Given a character of H, we pull it back using the projection from the stabilizer. Here we take a character of a small group, with a relatively small degree, and lift it to a much larger group without increasing its degree, nor the number of its irreducible summands. We get a character of (G n ) Y which is then induced to the group G n .
This allows us to study H and its characters, and then use the described process to lift them to the sequence of groups G n and obtain results on these characters. Thus, assume that we have some subset X (H) ⊆ H = PGL 3 (F q ), such that X (H) marks every subgroup of H that is not (e 1 , e 2 , e 3 )-H-transitive. Lift the characters to characters of (G n ) Y , then induce them to characters of G n . Denote the induced characters by X (G n ) ′ .
We prove that since H, X (H), G n and Y satisfy several properties, which are described below (with ℓ = 3), X (G n ) ′ marks every subgroup of G n that is not (e 1 , e 2 )-G n -transitive.
It turns out that this implies that X (GL n (F q )) ′ marks every subgroup of GL n (F q ) that does not contain SL n (F q ), outside the exceptional case of q = 2, n = 4. Therefore, to finish the proof of the main theorems, it remains to decompose the characters in X (G n ) ′ to irreducible characters, and deduce the theorems.
The method described above can be used for every sequence of groups G n acting on sets X n , which are increasing with respect to inclusion. In the general case, we need the following three conditions to hold in order to apply this method:
1. Y contains some ℓ element subset Y 0 = {a 1 , . . . , a ℓ }, which can be thought of as the basis of Y .
2. The translations of Y by elements of G n cover all ℓ-element subsets of X n .
3. If we can translate less than ℓ of the elements of Y 0 , with some element of G n , while keeping them in Y , we can translate these same elements in the same way with some element of (G n ) Y .
Then, we do the following to finish the proof:
1. Find some subset of characters X (H) ⊆ H that marks every subgroup of H that is not (a 1 , . . . , a ℓ )-H-transitive.
2. Decompose the characters of X (G n ) ′ to irreducibles, to obtain some set X (G n ).
3. Classify 5 all (a 1 , . . . , a ℓ−1 )-G n -transitive subgroups of G n .
To finish the proof of the main theorems, we need to make sure the decomposed characters X (GL n (F q )) restrict to irreducible characters of SL n (F q ) and project to irreducible characters of PGL n (F q ) and PSL n (F q ) for almost all pairs n ∈ Z ≥1 , q a prime power. Then we deal with the exceptional cases that arise.
Paper Organization
In Section 2, we study characters induced by action stabilizers, which are the characters of permutation representations. The main result of this section is Corollary 2.9. To prove it, we prove several technical lemmas. In general, we prove that there exist certain characters such that if their restriction to some K ≤ G does not contain the trivial representation, the action of K has certain transitivity properties.
In Section 3, we introduce general facts about the characters of GL n (F q ), and study certain characters that are important to the rest of the paper.
In Section 4, we study maximal subgroups of GL n (F q ). Section 4.1 describes the families of a class of maximal subgroups called the geometric subgroups, Section 4.2 restricts certain characters to the geometric subgroups and proves these do not contain the trivial representation, and Section 4.3 handles the remaining case of the non-geometric maximal subgroups.
In Section 5, we prove the main theorems for n ≥ 3: for the general case (Section 5.3), the special cases (Section 5.1), the projective cases (Section 5.2), and the exceptional case of GL 4 (F 2 ) (Section 5.4).
In Section 6, we prove the main theorems for n = 2. In Section 7, we present several open questions raised in this paper.
In Appendix A, we apply the method described in the introduction on S n and state the results.
In Appendix B, we consider the situation where G is some finite group, with N G. We show how sets of nontrivial irreducible characters X (G), X G N and X (N ) behave with respect to one another, where these sets mark proper subgroups of G, G N and N respectively.
Notations

Symbol
Definition
The point in the projective space represented by v Ch (G)
The collection of characters of G (non-virtual) G
The collection of irreducible characters of G u, v
The inner product of u and v ψ, φ G The inner product of ψ and φ in the character ring of G
The ith element of the standard basis of F n q g 1 , . . . , g k
The subgroup generated by g 1 , . . . ,
The center of G S n The symmetric group on n elements A n
The alternating group on n elements
The normalizer of K ≤ G λ ⊢ n λ is a partition of n λ ′ The partition conjugate to λ ⊢ n 2 Induced Characters of Action Stabilizers
In this section, we relate the notion of (y 1 , . . . , y ℓ )-G-transitivity and the properties of characters of groups. We start by stating several standard results in representation theory that we need.
Theorem 2.1 (Frobenius Reciprocity). Let G be a group and let K ≤ G. Let ψ ∈ Ch (K) and φ ∈ Ch (G). Then [FH13, Equation 3 .18]). Let G be a finite group, let K ≤ G, and let χ ∈ Ch (K). Then
Lemma 2.3 (Burnside's Lemma). Let G be a finite group acting on some set X. For each g ∈ G, denote by X g := {x ∈ X : gx = x}. Let G X denote the number of orbits of the action. Then
Proposition 2.4. Let G be a finite group acting transitively on some set X, let K ≤ G, and let χ be the character of the permutation representation associated with the action, namely, χ(g) is the number of x ∈ X fixed by g. Then, χ| K , ½ K K = 1 ⇐⇒ K acts transitively on X.
Proof. By Burnside's Lemma,
The right hand side is 1 if and only if K acts transitively on X.
The equality χ| K , ½ K K = 1 means that χ| K ⊇ ½ K and ½ K has multiplicity 1 in χ| K .
Remark 2.5. The character of the permutation representation associated with a transitive group action is equal to the character Ind G Gx (½ Gx ), induced from the stabilizer G x for every x ∈ X.
Corollary 2.6. Let G be a finite group acting transitively on some set X, and let χ be the character of the permutation representation associated with the action. Denote
Then, χ ′ marks every subgroup of G that does not act transitively on X.
Notation for the central example Here, we introduce notation useful for the remainder of this section. We start by an example and then define the notation in general.
Let G = GL n (F q ) acting on X = P n−1 F q , and let ℓ ≤ n. Consider the projective subspace Y = P (Span(e 1 , . . . , e ℓ )) ⊆ X, whose translations by elements of G are precisely the ℓ-dimensional projective subspaces of X. The stabilizer G Y is
Let p : P (ℓ,n−ℓ) → PGL ℓ (F q ) be the projection to the upper left block, composed with the projection to the projective group. This corresponds to the restriction of the action of G Y to Y , with p being the projection from G Y to Sym (Y ), the symmetric group on the set Y . We denote by H the image of this morphism -PGL ℓ (F q ).
For every t ∈ GL n (F q ), we define p t and H t in a similar way -by projecting from G tY to Sym (tY ). Note that the translations tY of Y are the ℓ-dimensional projective subspaces of X.
For every t ∈ GL n (F q ), the group H t is isomorphic to PGL ℓ (F q ), as this is the group of linear morphisms of the ℓ-dimensional projective space tY . Let f t : H → H t be the natural isomorphisms, defined by lifting an element of H to some element of G Y , conjugating by t and projecting to H t . The resulting element of H t is independent of the choice of the element of G Y .
Let χ be a character of H = PGL ℓ (F q ). The pull-back of χ to G Y through the projection then defines a new character
, which is applied on an element of G Y as follows:
Before we move to the general case, we define the pull-back of a character. Let G and H be finite groups. For a character χ of H and a morphism f : G → H, we denote by f * χ f * χ the pull-back of χ by f . The pull-back is a character of G, with f * χ(g) = χ(f (g)).
Notation 2.7. Given a finite group G acting on some set X, a subset Y ⊆ X and some t ∈ G, define the following.
1. We denote by H t H t ≤ Sym (tY ) the restriction of the action of G tY on tY (formallythe quotient of G tY by the kernel of its action on tY ).
The corresponding epimorphism is denoted by p
3. We specialize the case when t = e, the identity of G, and denote H, p H := H e and p := p e . 4. Denote by f t f t : H → H t -the "conjugation maps" 6 f t (g) := p t (tp −1 (g)t −1 ), which make the following diagram commute. Note that f t is an isomorphism.
For a character χ of H:
In the rest of this section, we study the induced characters R G H (χ). Our end goal is the following lemma:
Lemma 2.8. Let G be a finite group acting on some set X and let Y ⊆ X. Using Notation 2.7 let χ ∈ Ch (H). Assume:
3. The translations of Y cover all ℓ-element subsets of X, that is, for every B ⊆ X with |B| ≤ ℓ, there exists some t ∈ G such that B ⊆ tY .
For every t
Then R G H (χ) marks every subgroup of G that is not (a 1 , . . . , a ℓ−1 )-G-transitive.
We apply the lemma on G = GL n (F q ) acting on X = P n−1 F q , along with Y = P (Span(e 1 , . . . , e ℓ )) ⊆ X and
Corollary 2.9. Let ℓ ≤ n be integers, let G = GL n (F q ), H = PGL ℓ (F q ), and let K ≤ G. Let χ ∈ Ch (H) be a character that marks every subgroup of H that does not contain PSL ℓ (F q ). Then, R G H (χ) marks every subgroup of G that is not (e 1 , . . . , e ℓ−1 )-G-transitive.
Lemma 2.8 is not limited to the case of GL n (F q ). For example, by applying the lemma for G = S n , Y = Y 0 = {1, . . . , ℓ}, we deduce:
Corollary 2.10. Let ℓ ≤ n be integers, and let K ≤ S n . Assume there exists some χ ∈ Ch (S ℓ ) such that χ marks every proper subgroup of S ℓ . Then, R Sn S ℓ (χ) marks every subgroup of S n that is not (ℓ − 1)-transitive.
Remark Corollary 2.10 gives an example where we "lose a transitivity degree", that is, the resulting character R G H (χ) does not mark all subgroups of G that are not (a 1 , . . . , a ℓ−1 , a ℓ )-G-transitive, but only those that are not (a 1 , . . . , a ℓ−1 )-G-transitive. For example, choose G = S 4 with the usual action on {1, 2, 3, 4}, Y = {1, 2}, ℓ = 2, H = S 2 and χ the single nontrivial irreducible character of H. Then, R S 4 S 2 (χ) decomposes as the sum of the characters parametrized by (3, 1) and (2, 1, 1). These are not enough to mark all subgroups of S 4 that are not 2-transitive, as neither marks the subgroups of S 4 of index 3, which are conjugate to K = (1, 2, 3, 4), (1, 3) (with (x 1 , . . . , x a ) denoting the cyclic permutation of x 1 , . . . , x a ).
We prove Lemma 2.8 in several steps. Let K ≤ G and t ∈ G. We consider the action of K ∩ G tY on tY . To understand this action, we can consider the projection to H t -the group J t := p t (K ∩ G tY ), which is the quotient of K ∩ G tY by the kernel of this action.
In Lemma 2.11, we deduce that if R G
This allows us to reduce the question about the subgroups and characters of G to a question about the subgroups and characters of H. In Lemma 2.12, we assume there exist some a 1 , . . . , a ℓ ∈ Y and some character χ of H that marks every subgroup of H that is not (a 1 , . . . , a ℓ )-H-transitive. Then, we show that this χ can be "pulled-back" to show that R G
We proceed to proving the lemmas.
Lemma 2.11. Continuing with Notation 2.7, let G be a finite group acting on some set X, let Y ⊆ X be some subset, and let χ ∈ Ch (H).
where (1) follows from Proposition 2.2, and
Lemma 2.12. Continuing with Notation 2.7, let G be a finite group G acting on some set X, let Y ⊆ X be some subset, and let χ ∈ Ch (H). Assume:
Let t ∈ G. It is easy to see that for every g ∈ H, f t (g)tx = tgx. For every h ∈ H t there exists some g ∈ H such that f t (g) = h. Since χ| Je ⊇ ½ Je , by assumption 2 of the lemma, J e is (a 1 , . . . , a ℓ )-H-transitive. As such, there exists some g ′ ∈ J e such that ga i = g ′ a i for every
Induction step: assume that g j ∈ K are defined for all j < i. We define the following elements of G:
By assumption 3 of Lemma 2.8, with i + 1 ≤ ℓ, there exists some t ′ ∈ G such that
We can now define g i := hg i−1 ∈ K. Then: ∀ j ≤ i : g i (a j ) = b j . By letting g := g ℓ−1 ∈ K, we deduce that g(a i ) = b i for all 1 ≤ i ≤ ℓ − 1.
3 Characters of GL n (F q ) This section introduces several facts about the characters of GL n (F q ), and uses them to define and understand the main characters we need in the paper. We follow the terminology of [AT17] .
Definition 3.1. Let α = (α 1 , α 2 , . . . , α s ), such that α 1 , . . . , α s ≥ 1 and s i=1 α i = n. Define the parabolic subgroup
Let
The operator • is bilinear, associative and commutative.
Remark Let 1 ≤ ℓ ≤ n, and let q be a prime power. Then, in the notation of Section 2, for every character
Using the operator •, we can define a family of characters.
This family of characters is related to the action of GL n (F q ) on F n q . This can be seen as follows.
For a sequence of integers 0 = d 0 ≤ d 1 ≤ · · · ≤ d ℓ = n, we say that the sequence of
For a partition λ = (λ 1 , . . . , λ ℓ ) ⊢ n we associate the increasing sequence
Example 3.4. We present examples for the characters ½ λ . Since • is commutative, we may permute the entries of λ. For example, ½ (1,n−1) = ½ (n−1,1) .
1. The character ½ (n) is simply the trivial character, since the only flag of signature (n)
is 0 ⊆ F n q .
2. The value ½ (1,n−1) (g) is the number of 1-dimensional subspaces of F n q that g fixes, or equivalently, the number of fixed points of g in the action of GL n (F q ) on P n−1 F q . 4. By Remark 2.5, ½ λ is the character of the permutation representation associated with the action of GL n (F q ) on flags of signature (d 1 (λ), . . . , d ℓ (λ)). In other words, ½ λ (g)
is the number of flags 0
The characters ½ λ are not irreducible in general. The following lemma decomposes them to irreducible characters.
where K µλ are the Kostka numbers, and χ µ are some irreducible characters 8 .
We define the unipotent characters {χ µ χ µ : µ ⊢ n} as these irreducible summands of
In the remainder of the section, we study the characters θ i of GL n (F q ), defined below. We decompose them to irreducible characters, and characterize the properties of subgroups of GL n (F q ) that they mark.
Definition 3.6. Define the following characters:
Using Lemma 3.5, we deduce: 3. θ 2 = 2χ (n−1,1) + χ (n−2,1,1) + χ (n−2,2)
In 3, the term χ (n−2,2) is omitted if n = 3.
Proposition 3.8. Let K ≤ GL n (F q ), and let V ∼ = F n q be the vector space on which GL n (F q ) acts. Consider the action of GL n (F q ) on P(V ), and denote by Φ(V ) the collection of flags of signature (1, 2, n), that is,
Then: In this section we study the maximal subgroups of GL n (F q ) that do not contain SL n (F q ), and find a character χ such that χ| K ⊇ ½ K for every maximal subgroup K.
It is enough to study maximal subgroups of GL n (F q ), as χ| K ⊇ ½ K implies χ| K ′ ⊇ ½ K ′ for every K ′ ≤ K. This can be easily seen, as χ| K ⊇ ½ K implies that χ| K = ½ K + χ ′ for some character χ ′ of K, which implies that χ|
Section 4.1 describes the geometric maximal subgroups, Section 4.2 checks whether θ i | K ⊇ ½ K for K which is one of the geometric subgroups, and Section 4.3 deals with the rest of the maximal subgroups, for the case of n = 3. For the main results, we only need these results for n = 2 and n = 3, but we add the general case since it is very similar to our specialized case.
Before we proceed to describing the geometric groups, we make several definitions. Let G be a finite group, and let d ∈ Z ≥1 . We denote by dG dG some group extension of G with [dG : G] = d. There may exist many non-isomorphic groups that satisfy this condition, but we only consider properties that are common to all of the extensions.
For K ≤ GL m (F q ), the wreath product K ≀ S ℓ K ≀ S ℓ , can be realized the group of matrices with ℓ × ℓ blocks, where:
1. Each block is of size m × m.
2. The non-zero blocks are elements of K.
3. There is exactly one non-zero block in every row.
4. There is exactly one non-zero block in every column.
We denote by Gal F q F q 0 the Galois group of the extension F q F q 0 where q is a power of q 0 . We use the nonstandard notation of ΓL
to denote the group of semi-linear morphisms on F d q over F q 0 , that is, morphisms f : F d q → F d q that satisfy:
The group ΓL d F q F q 0 can be realized as the semidirect product
acts on every vector coordinate by coordinate.
Similarly, we denote 
The Geometric Maximal Subgroups
Aschbacher's Theorem To understand the structure of subgroups of GL n (F q ), we use a variation of a theorem due to Aschbacher 9 . Roughly speaking, given a finite simple classical group G 0 and an extension G of G 0 which satisfies G 0 ≤ G ≤ Aut (G 0 ), Aschbacher's Theorem describes classes of subgroups C 1 (G), . . . , C 8 (G) called "geometric classes" and an exceptional class S(G). The theorem states that every subgroup of G which does not contain G 0 and is maximal among all such subgroups is a member of one of the classes C 1 (G), . . . , C 8 (G), S(G).
The theorem can be generalized to several other families of groups, such as GL n (F q ). To simplify the definitions and theorems we do not state the general theorem, but restrict to the case of G = GL n (F q ). We use [KL90, Theorem 1.2.1] and the description of the geometric maximal subgroups in [KL90, Chapter 4] for the case of GL n (F q ). While the classes are defined by their geometric meaning, we divide them further by their structure. We present the classes in the following theorem, followed by brief descriptions of the classes.
We note that while these classes may intersect and may contain subgroups that are not maximal among the subgroups of G not containing G 0 .
Theorem 4.1. Let G = GL n (F q ), and let V ∼ = F n q be the space upon which G acts with the usual action. Consider the families C i (GL n (F q )) C i (GL n (F q ))
given in Table 1 . Then, every K ≤ G such that K ≥ SL n (F q ) is either contained in a member of C i (G) for some 1 ≤ i ≤ 8, or K ∈ S(G).
Remark For subgroups SL n (F q ) ≤ G ′ ≤ GL n (F q ), the families C i (G ′ ) C i (G ′ ) are defined as {G ′ ∩ C : C ∈ C i (GL n (F q ))}, and likewise for S.
Description of the geometric classes Let G = GL n (F q ), and let V ∼ = F n q be the space upon which G acts with the usual action.
C 1 (G) This class contains G W , which are the stabilizers of subspaces W ⊆ V . Up to conjugation, these are the groups P (m,n−m) defined in Definition 3.1, with m = dim(W ).
Consider the subgroup of G that stabilizes each of the vector spaces. It can be extended by allowing permutations of the vector spaces, to get a group conjugate to GL m (F q ) ≀ S t .
C 3 (G) If n = rm, we can consider V as a vector space of dimension m over F q r . Then, the semi-linear group ΓL m F q r F q naturally acts linearly (over F q ) on V and embeds as a proper 10 subgroup of GL n (F q ).
C 4 (G) This class contains the stabilizers of decompositions of the form V ∼ = V 1 ⊗ V 2 .
C 5 (G) Considering G as a group of matrices, this class contains the subgroups of matrices GL n (F F q ′ ), where we restrict the coefficients to some subfield F q ′ of F q .
C 6 (G) See Definition 4.2.
consider the subgroup of G that stabilizes each of the vector spaces. It can be extended by allowing permutations of the vector spaces, to get a group isomorphic to GL m (F q ) ≀ S t . For some R i ≤ ω ≀ S r , 1 ≤ i ≤ m, such that R i is not contained in the group of diagonal matrices (these are given explicitly in [KL90, Section 4.6]), let R ′ = R 1 ⊗ R 2 · · · ⊗ R m as in C 7 . Let ωI be the diagonal matrix with ω on the diagonal, and let R = ωI, R ′ with its action on F r q ⊗ F r q ⊗ · · · ⊗ F r q ∼ = F n q . We define C 6 (GL n (F q )) to be the collection of subgroups of GL n (F q ) that are conjugate to the normalizers of such groups R. Table 1 . Each group has some bilinear form, such that the group is the subgroup of GL n (F q ) that preserves the bilinear form. We describe the bilinear form by some standard basis, defining the group up to conjugation. These are described in Table 2 .
The Restriction of the Characters to the Geometric Subgroups
Recall Definition 3.6 where θ 1 and θ 2 were introduced. In this section, we prove that for every subgroup K ≤ GL n (F q ) which is a member of one of the geometric families, χ| K ⊇ ½ K for at least one of the characters χ = θ i . While θ 1 is a summand of θ 2 for n ≥ 3, θ 2 is not defined for n = 2. Therefore, whenever possible, we prove the result for θ 1 .
Throughout the section, we heavily use Proposition 3.8 without explicitly referring to it. 
Unitary e 1 , . . . , e m f 1 , . . . , f m e i , e j = 0
Orthogonal e 1 , . . . , e m f 1 , . . . , f m
Orthogonal e 1 , . . . , e m−1 f 1 , . . . , f m−1 x, y e i , e i = 0, e i , x = 0, e i , y = 0
Proposition 4.4. If K ∈ C 1 (GL n (F q )) then θ 1 | K ⊇ ½ K .
Proof. Let K ∈ C 1 (GL n (F q )). The group K stabilizes some proper non-zero subspace W .
Choose v ∈ PW and w ∈ PW . Then, for every k ∈ K, kv = w.
Proposition 4.5. If K ∈ C 2 (GL n (F q )) then θ 1 | K ⊇ ½ K .
Proof. Let K ∈ C 2 (GL n (F q )). Consider the basis {e 1 , . . . , e n } of V such that the elements of K are realized as block matrices (with respect to the decomposition V = t i=1 V i ) over this basis. As a matrix with this basis, the first column of every element of K is all zeros but a single block of length m < n. Therefore, there is no element k ∈ K with ke 1 = n i=1 e i .
Proposition 4.6. If K ∈ C 4 (GL n (F q )) then θ 1 | K ⊇ ½ K .
Proof. Let K ∈ C 4 (GL n (F q )). Recall that K ∼ = GL n 1 (F q ) ⊗ GL n 2 (F q ), and consider the decomposition V ∼ = V 1 ⊗ V 2 . The action of K is defined as follows: (A⊗B)(u⊗v) = Au⊗Bv. By denoting {e 1 , e 2 , . . . } and {e ′ 1 , e ′ 2 , . . . } as bases of V 1 and V 2 respectively, we see that no element in K satisfies: (A ⊗ B)(e 1 ⊗ e ′ 1 ) = e 1 ⊗ e ′ 1 + e 2 ⊗ e ′ 2 .
Proposition 4.7. If K ∈ C 5 (GL n (F q )) then θ 1 | K ⊇ ½ K .
Proposition 4.8. If K ∈ C 7 (GL n (F q )) then θ 1 | K ⊇ ½ K .
Proof. Let K ∈ C 7 (GL n (F q )). Then, an element of K permutes the subspaces and acts on each of the subspaces in the decomposition: V ∼ = V 1 ⊗ · · · ⊗ V t . Let e Then, for every k ∈ K there exist v (i) = m j=1 λ
By comparing the coefficients, we see that no k ∈ K can satisfy
, which leads to a contradiction.
(θ 2 ) In this part of the section, we prove that θ 2 | K ⊇ ½ K , for K in one of the families C 3 , C 6 , C 8 . Since θ 2 is only defined for n ≥ 3, we assume this inequality holds.
Proposition 4.9. If K ∈ C 3 (GL n (F q )) then θ 2 | K ⊇ ½ K .
Proof. Assume otherwise. Then, for every three vectors u, v, w ∈ F n q such that u, v and u, w are linearly independent, there exists some k ∈ K and λ, µ, ν ∈ F q with λ, ν = 0 such that ku = λu and kv = µu + νw.
Let α ∈ F q r be such that F q r = F q (α), and let {b 1 , . . . , b m } be a basis of V ∼ = F m q r . Define e i+r(j−1) = α i−1 b j for i = 1, . . . r and j = 1, . . . , m. Then {e 1 , . . . , e n } is a basis for V ∼ = F n q . For every k = (A, σ) ∈ K = ΓL m F q r F q such that ke 1 = λe 1 , λ = 0, we have ke 2 = k(αe 1 ) = σ(α)λe 1 = σ(α)λb 1 .
Assume that m ≥ 2. Choose u = e 1 , v = e 2 and w = e r+1 . Then, there exists some k ∈ K such that ke 1 = λe 1 and ke 2 = µe 1 + νe r+1 = µb 1 + νb 2 for λ, µ, ν ∈ F q with λ, ν = 0. That implies σ(α)λb 1 = µb 1 + νb 2 which leads to a contradiction. Thus, we may assume that m = 1 and r = n ≥ 3.
We note that σ(α) cannot have an irreducible polynomial of degree 2 over F q , since then α would have such a polynomial as well, which contradicts r ≥ 3.
Choose u = e 1 , v = e 2 and w = σ(α) 2 e 1 . Since r ≥ 3, σ(α) 2 ∈ F q (otherwise σ(α) would have an irreducible polynomial of degree 2 over F q ), so u and w are linearly independent over F q . Then, there exists some k ∈ K such that ke 1 = λe 1 and ke 2 = µe 1 + νσ(α) 2 e 1 , for λ, µ, ν ∈ F q with λ, ν = 0. Then, by comparison of coefficients of e 1 in the equality σ(α)λe 1 = ke 2 = µe 1 + νσ(α) 2 e 1 we deduce that σ(α) has an irreducible polynomial of degree 2 over F q , which leads to a contradiction.
Proposition 4.10. If K ∈ C 6 (GL n (F q )) then θ 2 | K ⊇ ½ K .
Proof. Let K ∈ C 6 (GL n (F q )) be the normalizer of some R as in Definition 4.2, and assume that θ 2 | K ⊇ ½ K . Let r 1 ∈ R 1 be a non-diagonal element. Choose some v 1 ∈ V 1 which is not an eigenvalue of r 1 , let v 2 = r 1 (v 1 ), and complete these to a basis of V 1 .
Let k ∈ K. Then k is in the normalizer of R. Thus, kR = Rk. By θ 2 | K ⊇ ½ K , there exists λ, µ, ν ∈ F q with λ, ν = 0 such that:
Then,
with the last equality calculated by variable change, with h ′ = h(r 1 ⊗ I ⊗ · · · ⊗ I) −1 .
Comparing the various lines, we deduce
In particular, there exists some h 0 ∈ R such that
Since R i ≤ ω ≀ S r , for every s = 1 or 3 ≤ s ≤ r, A s,1 = 0. By comparing the coefficients of v 1 ⊗ b 1 , we get µ = λδA 1,1 C 1,1 = 0.
We get a contradiction to νu = λδA 2,1 v 2 ⊗ Cb 1 − νv 2 ⊗ b 1 .
Proof. It is enough to find vectors u, v, w such that u, u = u, v = 0 and u, w = 0. With such vectors, for every λ, µ, ν ∈ F q with λ, ν = 0, λu, µu + νw = λν u, w = 0 = u, v , so there is no k ∈ K such that ku = λu, kv = µu + νw. We define the vectors u, v, w as u = e 1 , w = f 1 and
.
From propositions 4.4-4.11, we conclude:
Corollary 4.12. If n ≥ 3, θ 2 marks every subgroup of GL n (F q ) that does not contain SL n (F q ) and does not belong to S(GL 2 (F q )).
For n = 2, C 8 (GL 2 (F q )) is empty. Therefore, we can deduce:
Corollary 4.13. The character θ 1 marks every subgroup of GL 2 (F q ) that does not contain SL 2 (F q ), and does not belong to (C 3 ∪ C 6 ∪ S)(GL 2 (F q )).
The Non-Geometric Subgroups for n = 3
Theorem 4.14 ([BHRD13, Table 8 .4]). S(SL 3 (F q )) are given in Table 3 .
By looking at the table, we see that there are finitely many possibilities for these groups. To understand the transitivity of their actions, we use the following immediate consequence of the orbit-stabilizer theorem.
Let G be a finite group, acting transitively on some set X. Let K be the kernel of the action, and let x ∈ X. Then
(4.1)
In particular, |X| divides [G : K] and |G|. 
q is the square of a prime p p ≡ 2, 3 mod 5 p = 3 1080
Recall that S(SL n (F q )) = {C ∩SL n (F q ) : C ∈ S(GL n (F q ))}. We use (4.1) in the following lemma.
Proof. By Theorem 4.14, the maximal subgroups of SL 3 (F q ) have orders bounded by 1080.
Assume θ 2 | K ⊇ ½ K . Then, K acts transitively on X = Φ(V ), a set of size (q 2 +q+1)(q+1).
By (4.1), (q 2 + q + 1)(q + 1)| |K|.
Denote K ′ := K ∩ SL 3 (F q ) ∈ S(SL n (F q )). By the second isomorphism theorem,
Since the rational function is increasing with q, q < 32.
Then, it is easy to verify that for none of the possibilities for |K ′ |, (q 2 +q+1)(q+1)
except for the case where q = 2. However, q = 2 is explicitly ruled out by the conditions for K. We deduce that θ 2 | K ⊇ ½ K , for K ∈ S(GL 3 (F q )), for every prime power q.
We conclude:
Corollary 4.16. The character θ 2 marks every subgroup of GL 3 (F q ) that does not contain SL 3 (F q ).
Proofs of the Main Theorems for n ≥ 3
In this section, we use the results from the previous sections to deduce the main theorems for n ≥ 3. Since our proof of Theorem 1.6 for GL n (F q ) uses results about PGL 3 (F q ), we prove that Theorem 1.6 for GL n (F q ) implies Theorem 1.6 for PGL n (F q ) as well as Theorem 1.7, and only then prove Theorem 1.6 for GL n (F q ).
The Special Linear Group
In this section, we assume Theorem 1.6 for GL n (F q ), and prove Theorem 1.7 for SL n (F q ).
Theorem 5.1 (e.g. [Leh73, Corollary 4.12] ). Let G be a finite group, let K G and let χ ∈ G. Assume that G = KC, where C ≤ G is cyclic and K ∩C = 1. Then, if χ| K splits into b irreducible components, there are precisely |C| b distinct irreducible characters of G whose restriction to K equals χ| K .
Remark By [Leh73, Proposition 4 .11], the restricted components are all of the same degree.
Corollary 5.2. Let χ µ ∈ GL n (F q ). Then, χ µ | SLn(Fq) ∈ SL n (F q ).
Proof. Let θ ∈ F × q , and consider the character θ(det(g))χ µ (g) ∈ GL n (F q ). For every g ∈ SL n (F q ), θ(det(g))χ µ (g) = χ µ (g). Therefore (θ(det)χ µ )| SLn(Fq) = χ µ | SLn(Fq) .
Let C the cyclic group of diagonal matrices with 1 on the diagonal, except possibly in the top left cell. We have |C| = q − 1, C ∩ SL n (F q ) = 1, C SL n (F q ) = GL n (F q ) and C is a cyclic subgroup of GL n (F q ).
It is easy to see that the characters θ(det)χ µ are all distinct by evaluating them on the elements of C (there exist characters χ of GL n (F q ) for which θ(det)χ are not all distinct). As such, the restrictions of the q − 1 distinct irreducible characters θ(det)χ µ are equal to χ µ | SLn(Fq) . Therefore, by Theorem 5.1, χ µ | SLn(Fq) splits into a single irreducible character, namely, it is irreducible itself.
By identifying χ µ := χ µ | SLn(Fq) , using Corollary 5.2, we can deduce that the nonprojective version of Theorem 1.6 implies the non-projective version of Theorem 1.7.
The Projective Groups
In this section, we assume the non-projective versions of the main theorems, and deduce the projective counterparts. Assume that ker(χ) ≥ ker(p). Then χ ′ (h) := χ(p −1 (h)) is well defined, and is an irreducible character of H.
Proof. Since ker(π) ≥ ker(p), there is a well defined representation π ′ of H with π(g) = π ′ (p(g)) for every g ∈ G. It is irreducible since Im(π ′ ) = Im(π), which stabilizes no nontrivial subspace of V .
By taking the trace of the representations, with the trace of π ′ equal to χ ′ , the proposition follows.
Corollary 5.4. Let G ′ ≤ G be groups, and let X (G) ⊆ G be a set that marks every subgroup of G that does not contain G ′ . Let p : G ։ H, and assume that ∀ χ ∈ X (G) : ker(χ) ≥ ker(p). Define H ′ := p(G ′ ) and
Then, X (H) marks every subgroup of H that does not contain H ′ .
Proof. Let J ≤ H, such that J ≥ H ′ , and let K := p −1 (J).
Since K does not contain G ′ , there exists some χ ∈ X (G) such that χ| K ⊇ ½ K . Denote by χ ′ ∈ X (H) the character defined by χ ′ (g) = χ(p −1 (g)). We have
Lemma 3.5 implies that the kernels of the unipotent characters contain the center of GL n (F q ), as they are spanned by the characters ½ λ , that do satisfy this. Thus, we may identify χ µ with the corresponding characters as in Corollary 5.4. Using Corollary 5.4, we deduce that the non-projective versions of Theorem 1.6 and Theorem 1.7 imply their projective counterparts.
GL n (F q )
To prove the main theorems for GL n (F q ), n ≥ 3, we need to know the possibilities for subgroups of GL n (F q ) that act 2-transitively on the projective space. The following theorem summarizes these possibilities:
Theorem 5.5 ([CK79]). If K ≤ ΓL n (F q ), n ≥ 3 and K is 2-transitive on P n−1 F q , then either K ≥ SL n (F q ) or K = A 7 , with n = 4 and q = 2. This theorem, Corollary 4.16 and the results of Section 5.2 show that θ 2 marks every subgroup of PGL 3 (F q ) that is not (e 1 , e 2 , e 3 )-PGL 3 (F q )-transitive, since (e 1 , e 2 , e 3 )-PGL 3 (F q )-transitivity implies 2-transitivity.
Thus, using Corollary 2.9, we see that ∀ n ≥ 3, θ 2 • ½ (n−3) marks every subgroup of GL n (F q ) that is not (e 1 , e 2 )-GL n (F q )-transitive. Since GL n (F q ) is 2-transitive with its projective action, we deduce that (θ 1 + θ 2 ) • ½ (n−3) marks every subgroup of GL n (F q ) that is not 2-transitive with the restricted action on P n−1 F q .
Outside the exceptional case of the theorem, the subgroups of GL n (F q ) that do not act 2-transitively on P n−1 F q are precisely those that do not contain SL n (F q ), by Theorem 5.5.
Thus, to find the irreducible characters mentioned in the main theorems (for all but GL 4 (F 2 )), it remains to decompose θ 2 • ½ (n−3) to irreducible characters.
By the definition of θ 2 ,
These can be decomposed using Lemma 3.5, to get:
This concludes the proof of Theorem 1.6.
GL 4 (F 2 )
In this section, we study the exceptional case of GL 4 (F 2 ). Since the underlying field is F 2 , we have GL 4 (F 2 ) = SL 4 (F 2 ) = PGL 4 (F 2 ) = PSL 4 (F 2 ).
The problem with this case is due to Theorem 5.5. Note that θ 2 • ½ (1) marks every proper subgroup of GL 4 (F 2 ) that is not the A 7 ≤ GL 4 (F 2 ) referenced in the theorem.
We wish to find a character ψ ∈ GL 4 (F 2 ) such that ψ| A 7 ⊇ ½ A 7 . For this goal, we use the following proposition to better understand the inclusion of A 7 in GL 4 (F 2 ).
Proposition 5.6 (e.g. [DM96, Chapter 7.7]). GL 4 (F 2 ) ∼ = A 8 . Under this isomorphism, the 2-transitive A 7 is conjugate to the stabilizer of an element in the natural action of A 8 on 8 elements.
Thus, we use the representation theory of A 8 . For that, we consider the representation theory for S n (see, for instance, [Ful97] ), and use Theorem 5.1. This leads to the following proposition. To prove the proposition, we use the following. See [Ful97] for information about standard tableaux.
Proposition 5.8 (e.g.
[Ful97, Chapters 7.2 and 7.3]). For every n ∈ Z ≥1 , S n = {χ λ : λ is a partition of n}, for some characters with dim(χ λ ) = f λ = the number of standard tableaux of shape λ.
In addition, sgn χ λ = χ λ ′ , with sgn being the sign representation.
Proof of Proposition 5.7. By substituting n = 8 and calculating the characters, the characters of S n have degrees (with multiplicities) 1, 7, 7, 14, 14, 20, 20, 21, 21, 28, 28, 35, 35, 42, 56, 56, 64, 64, 70, 70, 90}, with every pair belonging to conjugate partitions. By Theorem 5.1, noting that χ λ ′ | An = (sgn χ λ )| An = χ λ | An , we deduce that the characters of A 8 are precisely:
1. The restrictions of χ λ for λ = λ ′ 2. Two summands of χ λ | An of equal dimensions for λ = λ ′ Thus, we obtain the following degrees: These are all of the characters of A 8 , as the sum of their squares is |A 8 |.
The last thing we need to do to complete the proof of Theorem 1.8 is understand the decomposition of Ind
Proposition 5.9. Ind
. Observe that dim(θ) = [A 8 : A 7 ] = 8. By Proposition 2.4, θ, ½ GL 4 (F 2 ) = 1. Thus, since GL 4 (F 2 ) ∼ = A 8 has a unique nontrivial character of degree at most 7, the claim follows.
Remark By calculating the degrees of the characters, we deduce that the character ψ is not a unipotent character.
We can now state the following proposition.
Proposition 5.10. The only nontrivial ψ ∈ GL 4 (F 2 ) such that ψ| A 7 ⊇ ½ A 7 is the character of GL 4 (F 2 ) of degree 7.
Proof. Let ψ ∈ GL 4 (F 2 ) be the single irreducible character of dimension 7. By Frobenius Reciprocity,
So the only characters where the sum is non-zero are the trivial character and ψ.
This completes the proof of Theorem 1.8 6 The Main Theorems for n = 2
In this section, we prove the main theorems for n = 2. We find a character ψ 1 such that for every K ∈ C 3 ∪ C 6 ∪ S, either ψ 1 | K ⊇ ½ K or θ 1 | K ⊇ ½ K . Then, by Corollary 4.13, the non-projective case of Theorem 1.9 follows.
The characters in the n = 2 case are slightly simpler than in the general case. We use the character tables in [Ada02] , and refer the readers to them for definitions of the characters π(χ) and ω + 0 . The two notations are related as follows, with α, β ∈ F × q and χ ∈ F × q 2 :
In particular,ρ(½ F × q ) = χ (1,1) = θ 1 . 4. π(χ) are additional characters of GL 2 (F q ) called the cuspidal characters.
Definition 6.1. Define ψ 1 ψ 1 according to the following cases:
1. If q = 3 and G is SL 2 (F q ) or PSL 2 (F q ), ψ 1 is ω + 0 , as defined in the character table of these groups.
2. Otherwise, if q is odd, ψ 1 is φ 1 φ 1 := π(φ), for φ ∈ F × q 2 , of order 11 q + 1 in the character group.
3. If q is even and q > 2,
By following the character tables, we see that the characters φ 1 and α •ᾱ do restrict irreducibly to the special groups, for q = 3. In the case of q = 3, φ 1 splits to two summandsone of which is the character ω + 0 . In addition, the characters ω + 0 , φ 1 and α •ᾱ project to the projective groups. Therefore, by claims similar to those made in Section 5.1 and Section 5.2, the theorems for the projective and the special groups follow from the case of GL 2 (F q ).
The family C 3 (GL 2 (F q )) is the family of stabilizers of the structure of F 2 q as a 1-dimensional vector space over F q 2 , that is, elements that act on F 2 q = F q 2 as either multiplication by invertible elements of F q 2 , or an automorphism of F q 2 over F q . We use [Ada02] for the various character tables.
q is odd First, we handle the case when q is odd.
Since F × q is cyclic of even order, there exists some non square ∆ ∈ F × q . Therefore the group {x 2 :
Thus, we can choose the base {1, δ} for the field extension, where δ 2 = ∆. Since every K ∈ C 3 (GL 2 (F q )) respects the structure of F q 2 , we deduce:
We can conclude (since Z(GL 2 (F q )) ≤ K) that K has the following conjugacy classes (where a and b range over F q such that the matrices are invertible):
Using the character tables, we can see that: 11 The order condition makes sure the character projects to the projective group Proposition 6.3. If q is odd and K ∈ C 3 (GL 2 (F q )), φ 1 | K ⊇ ½ K .
Proof.
Since 0 ≤ c ≤ q + 1, |K| = 2(q 2 − 1), and φ 1 | K , ½ K K is an integer, we deduce that c = q+1 2 .
Thus, φ 1 | K , ½ K K = 1.
This shows the desired result for the family C 3 (GL 2 (F q )), for odd q = 3.
The case q = 3 While Proposition 6.3 shows the desired result for GL 2 (F 3 ), and projects to PGL 2 (F 3 ), the special cases are slightly more complicated. In these cases, as can be seen in the character tables, φ 1 (both in the projective and non-projective cases) decomposes to two 1-dimensional characters called the oscillator characters (ω ± o in [Ada02] ). Either of these satisfies the desired result, and we arbitrarily choose ω + o .
q is even Here, we handle the case when q is even. If q = q 2 0 , consider the trace morphism Tr Fq/Fq 0 (x) = x 2 +x, with its image
If q = q 2 0 , F q is not an extension of F 4 . As such, the polynomial x 2 + x − 1 is irreducible over F q . Choose ∆ = 1.
Thus, we can choose the basis {1, δ} for the field extension F q 2 /F q , where δ 2 + δ = ∆. Since every K ∈ C 3 (GL 2 (F q )) respects the structure of F q 2 , we deduce: Proposition 6.4. If q is even and K ∈ C 3 (GL 2 (F q )), K is conjugate to
Thus, we can conclude (since Z(GL 2 (F q )) ≤ K) that K has the following conjugacy classes (where a, b and x range over F q such that the matrices are invertible):
Using the character tables, we can see that:
Proposition 6.5. If q = 2 is even and K ∈ C 3 (GL 2 (F q )), α •ᾱ| K ⊇ ½ K .
|K| α •ᾱ| K , ½ K K = 2(q + 1)
Dividing by |K| = 2(q 2 − 1), we get α •ᾱ| K , ½ K K = 1.
By the character tables, if α = ½ F × q , α •ᾱ is irreducible, and does restrict irreducibly to the special and projective cases. Such a choice exists for all even q = 2. This shows the desired result for the family C 3 (GL 2 (F q )), for even q = 2. 
q is the square of a prime p p ≡ ±3 mod 10 120
The case q = 2 In this case, a simple calculation shows that ψ 1 marks the single proper subgroup in C 3 (GL 2 (F 2 )) which is of order 3.
6.2 C 6 (GL 2 (F q )) and S(GL 2 (F q )) Theorem 6.6 ([BHRD13, Table 8 .3]). (C 6 ∪ S)(SL 2 (F q )) are given in Table 4 .
We can see that the orders of these families are bounded. If K ∈ (C 6 ∪ S)(GL 2 (F q )) does not act transitively on P 1 F q , then θ 1 | K ⊇ ½ K , and our main claim follows.
As such, we use an argument about the transitivity of their action on P 1 F q to bound q, namely:
Proposition 6.7. Assume K ∈ (C 6 ∪ S)(GL 2 (F q )), and that it acts transitively on P 1 F q . Denote K ′ := K ∩ SL 2 (F q ). Then, (q + 1)| |K ′ |.
Proof. By Table 4 , we can see that q is odd. Let J := K Z(GL 2 (F q )) and J ′ := K ′ Z(SL 2 (F q )) . By (4.1), (q + 1)| |J|. As |K ′ | is given by Table 4 , by the maximality of K ′ along with its order 12 , K ′ ≥ Z(SL 2 (F q )). Thus, |K ′ | = 2 |J ′ |. Then, lifting J ′ to J ≤ PGL 2 (F q ), we get either |J| = |J ′ | or |J| = 2 |J ′ |. In either case, |J| divides |K ′ |. So we get that (q + 1)| |K ′ |.
To ease the handling of cases (c) and (d), we use the following: Proposition 6.8 ([Dic03, Sections 258-259]). A 5 ≤ PSL 2 (F q ) is, up to conjugation, generated by the following:
If q ≡ ±1 mod 5
where ζ is a primitive root of unity of order 5.
If q ≡ 0 mod 5
where µ = 0.
Corollary 6.9. Assume K ∈ (C 6 ∪ S)(GL 2 (F q )), K acts transitively on P 1 F q and one of cases (c) or (d) holds. Then (q + 1)|24.
Proof. In these cases, the projective image of K = 2A 5 (which is the lifting of A 5 ≤ PSL 2 (F q ) to PGL 2 (F q )) contains a subgroup of order 5 stabilizing e 1 . As such, 5| |K e 1 | Since K acts transitively on P 1 F q , by (4.1), (q+1) |K e 1 | = |K|. Therefore, 5(q+1)| |2A 5 | = 120. This implies that (q + 1)|24. By using these Proposition 6.7 and Corollary 6.9, along with the conditions in Table 4 , we arrive at the following: Proposition 6.10. Only the following possibilities for K ∩ SL 2 (F q ) can act transitively on P 1 F q , for K ∈ (C 6 ∪ S)(GL 2 (F q )):
X (G) for other groups Given a group G, we denote by c min (G) the minimal cardinality of a subset of nontrivial irreducible characters that marks every proper subgroup of G. Families of groups Given a family of finite groups, we consider max G (c min (G)), where the maximum ranges over all of the groups in the family. Question 7.4. Given a family of finite groups, what is max G (c min (G)), where the maximum ranges over all of the groups in the family?
In particular, for the case of S n , we prove in Appendix A that max n (c min (S n )) ≤ 8 for n ≥ 34. Question 7.5. What is the value of max n (c min (S n ))?
A Characters and Subgroups of S n
In this section, we consider the group S n . We use methods similar to those used in this paper to find a set of characters X (S n ) that marks every proper subgroup of S n . Note that in Example 1.5, we presented such a set with 12 elements, and the set we present in this section consists of 8 elements.
We introduce notation similar to the notation in the case of GL n (F q ). Let α = (α 1 , α 2 , . . . , α s ), such that s i=1 α i = n. We denote the induction of the trivial character of S α 1 × · · · × S αs to S n by ½ α . 
where K µλ are the Kostka numbers, and χ µ are irreducible characters.
We define the characters χ µ χ µ ∈ S n as these irreducible summands of ½ λ . Unlike the case of GL n (F q ), these are all the irreducible characters of S n . This definition agrees with the usual correspondence between partitions and irreducible characters (e.g. [Ful97] ).
We begin by considering the character ½ (n−3,1 3 ) of S n . It is the character induced by the permutation representation of S n on 3-tuples of elements of X n = {1, . . . , n}. Therefore, by Corollary 2.6, ½ (n−3,1 3 ) − ½ (n) marks every subgroup of S n that does not act on X n 3-transitively. By decomposing the character, we arrive at the following:
Proposition A.2. Let n ≥ 6 and let X (S n ) = χ (n−1,1) χ (n−2,2) χ (n−2,1 2 ) χ (n−3,3) χ (n−3,2,1) χ (n−3,1 3 ) ⊆ S n .
Then, X (S n ) marks every subgroup of S n that is not 3-transitive under the usual action.
Therefore, it remains to consider the 3-transitive subgroups of S n . By the classification of of finite multiply transitive groups, we arrive at the following: Proposition A.3. Let n ≥ 25. Then, the only possibilities for 3-transitive subgroups of S n , along with the 3-transitive actions, are: 2. Groups PSL 2 (F q ) ≤ G ≤ PΓL 2 (F q ) with the usual action on P 1 F q , for q = n − 1 a prime power. Such a group G is 3-transitive if and only if 13 for every A ∈ PGL 2 (F q ) there exists some σ ∈ Aut (F q ) such that (A, σ) ∈ G.
3. The affine linear groups AGL d (F 2 ) with the usual action on F d 2 , for n = 2 d with d ≥ 5.
Proof. The possibilities for 2-transitive groups can be seen in, e.g. [DM96, Chapter 7.7 ]. The only 3-transitive groups are either S n or A n with their usual action (listed in (1)), groups PSL 2 (F q ) ≤ G ≤ PΓL 2 (F q ) with the usual action on P 1 F q , for q = n − 1 a prime power, or subgroups of AΓL d (F q ) with the action on F d q . This can be seen in, e.g. [Cam81, Theorem 5.3].
If q = n − 1 is a prime power, a group PSL 2 (F q ) ≤ G ≤ PΓL 2 (F q ) with the usual action on P 1 F q is 3-transitive if and only if given some distinct x 1 , x 2 , x 3 ∈ P 1 F q , for every distinct y 1 , y 2 , y 3 ∈ P 1 F q there exists some g ∈ G such that gx i = y i for i = 1, 2, 3. In particular, denote by q 0 the characteristic of F q . Then F q 0 is a subfield of F q fixed by the automorphisms in Aut (F q ).
In particular, if we choose distinct x 1 , x 2 , x 3 ∈ P 1 F q 0 , we get (A, σ)(x i ) = Ax i for every (A, σ) ∈ G ≤ PΓL 2 (F q ). Then, G is 3-transitive if and only if for every distinct y 1 , y 2 , y 3 ∈ P 1 F q there exists some (A, σ) ∈ G such that Ax i = y i for i = 1, 2, 3.
Since PGL 2 (F q ) acts 3-transitively on P 1 F q and is of order q(q 2 − 1), it is sharply 3-transitive.
Therefore, there is a bijection between distinct y 1 , y 2 , y 3 ∈ P 1 F q and A ∈ PGL 2 (F q ) such that Ax i = y i for i = 1, 2, 3. We denote A = A(y 1 , y 2 , y 3 ).
To sum up, the following are equivalent:
2. For every distinct y 1 , y 2 , y 3 ∈ P 1 F q there exists some (A, σ) ∈ G such that Ax i = y i for i = 1, 2, 3.
3. For every distinct y 1 , y 2 , y 3 ∈ P 1 F q there exists some σ ∈ Aut (F q ) such that (A(y 1 , y 2 , y 3 ), σ) ∈ G.
For every
The only case remaining is where G ≤ AΓL d (F q ). Assume G is 3-transitive and consider the stabilizer G 0 ≤ ΓL d (F q ), which acts 2-transitively on F d q \ {0}. We use linearity to claim this implies that q = 2. Denote by q 0 the characteristic of F q , and let ℓ be the exponent, q = q ℓ 0 .
d ≥ 2, q ≥ 3 There is no g ∈ G 0 with g(e 1 , ae 1 ) = (e 1 , e 2 ), for a ∈ F q , a = 0, 1. d = 1 Let q = q ℓ 0 with q 0 prime. Observe that 25 ≤ n = q. Let a ∈ F q , a = 0, 1. Consider the orbit O Aut(Fq) (a), which is of size at most ℓ.
Therefore, F q \ ({0, 1} ∪ O Aut(Fq) (a)) = q − ℓ − 2. It is easy to see that q ≥ ℓ + 3 for q ≥ 25. As such, we can choose b such that b ∈ F q , b = 0, 1 and b is not in the same orbit of Aut (F q ) as a. Then, there is no g ∈ G 0 with g(e 1 , ae 1 ) = (e 1 , be 1 ). Therefore, q = 2. Since n ≥ 25, we get that d ≥ 5. As such, G 0 acts 2-transitively on F d 2 \ {0} = P d−1 F 2 . By Theorem 5.5, G 0 ≥ SL d (F 2 ) = GL d (F 2 ) = ΓL d (F 2 ). Therefore, G 0 = GL d (F 2 ) and G = AGL d (F 2 ).
Proposition A.4. Let n ≥ 25 and n = 33. Then, ½ (n−4,4) − ½ (n) marks every 3-transitive proper subgroup of S n , except A n . 13 For example, PSL2(Fq) is not 3-transitive when q is odd, while PGL2(Fq) is always 3-transitive.
Proof. Let K be one of the groups listed in Proposition A.4. Note that ½ (n−4,4) is the character of the permutation representation of S n acting on Y n , the collection subsets of X n = {1, . . . , n} of size 4. By Corollary 2.6, ½ (n−4,4) marks precisely the subgroups of S n that act transitively on Y n . Thus, it is sufficient to show that K does not act transitively on Y n . K ≤ PΓL 2 (F q ) Let q = q ℓ 0 , with q 0 prime. By (4.1), |Y n | | |K|. Note that |Y n | = n 4 .
Since |K| | |PΓL 2 (F q )|, we get q+1 4 = |Y q+1 | | |PΓL 2 (F q )| = ℓ(q 3 − q), which is equivalent to (q − 2)|24ℓ. It is easy to see that no q = n − 1 ≥ 24 except q = 32 (which is explicitly omitted) satisfies this equation. K = AGL d (F 2 ) We know that d ≥ 5. It is easy to see that if x 1 , x 2 , x 3 , x 4 satisfy x 1 + x 2 = x 3 + x 4 then gx 1 + gx 2 = gx 3 + gx 4 for every g ∈ K. As such, there exists no g ∈ K such that g{0, e 1 , e 2 , e 1 + e 2 } = {0, e 1 , e 2 , e 3 }.
We use Proposition A.2 and Proposition A.4. Then, we decompose the character ½ (n−4,4) − ½ (n) + ½ (n−3,1 3 ) − ½ (n) to irreducible characters and add the sign character (which is equal to χ (1 n ) ) to arrive at the following:
Corollary A.5. Let n ≥ 34 and let X (S n ) = χ (n−1,1) χ (n−2,2) χ (n−2,1 2 ) χ (n−3,3) χ (n−3,2,1) χ (n−3,1 3 ) χ (n−4,4) χ (1 n ) ⊆ S n .
Then, X (S n ) marks every proper subgroup of S n .
B Group Extensions
Throughout this section, given a finite group H, we denote by c min (H) the minimal cardinality of a subset of nontrivial irreducible characters that marks every proper subgroup of H. To simplify the definitions, we say that a set X (H) achieves c min (H) X (H) achieves c min (H) if X (H) is a subset of nontrivial irreducible characters of H that marks every proper subgroup of H with |X (H)| = c min (H).
Let G be a finite group and let N G. We study the relations between c min (G), c min G N and c min (N ).
B.1 c min (G) and c min G N Denote by f : G ։ G N the quotient epimorphism. If χ ∈ Ch G N , the character can be pulled back by f to obtain a character f * χ of G, f * χ(x) = χ(f (x)). It is easy to see that χ is irreducible if and only if f * χ is irreducible, and that f * : Ch G N → Ch (G) is injective.
For every K ≤ G such that K ≥ N , we denote the quotient epimorphism K ։ K N by f K , and the pull-back from characters of K N to characters of K by f * K . The following properties of the pull-back of an epimorphism are easy to verify:
Proposition B.2. Let G be a finite group, and let N G. Denote by f : G ։ G N the quotient epimorphism. Let K ≤ G be some subgroup such that K ≥ N . Let χ ∈ G be an irreducible character that satisfies χ| K ⊇ ½ K . Then χ ∈ Im(f * ).
Proof. Since χ| K ⊇ ½ K , using Frobenius Reciprocity we deduce that 0 < χ| K , ½ K K = χ, Ind G K (½ K ) G which implies that Ind G K (½ K ) ⊇ χ. Let Ind Then, X G N marks every proper subgroup of G N , and consists of nontrivial irreducible characters.
Proof. Let J ≤ G N . By the correspondence theorem, there exists some K ≤ G with K ≥ N and f (K) = J. Thus, there exists some χ ∈ X (G) such that χ| K ⊇ ½ K . By Proposition B.2, χ ∈ Im(f * ). Therefore, there exists some χ ′ ∈ G N such that f * χ ′ = χ. This implies that χ ′ ∈ X G N .
By Lemma B.1 (with G = K), χ ′ | J , ½ J J = χ| K , ½ K K > 0.
To prove the characters in X G N are nontrivial and irreducible, let χ ∈ X G N . Since f * χ ∈ X (G), it is nontrivial and irreducible. By the properties of pull-backs, so is χ.
Remark This definition of X G N is the same definition as the one made in Section 5.2. In particular, if K∩N = N there exists some χ ∈ X (N ) such that Ind G N (χ)| K , ½ K K > 0.
Therefore, X (G) marks every subgroup of G that does not contain N , and we may assume that K ≥ N .
In this case, there exists some φ ∈ X G N such that φ| K N ⊇ ½ K N
. Then, f * φ| K , ½ K K = φ| K N , ½ K N K N > 0, which completes the proof.
The problem with this proposition is that the set X (G) may not consist of irreducible characters. Therefore, we decompose the characters of X (G) to get a bound on c min (G). Let χ ∈ N , and let φ be an irreducible summand of Ind G N (χ). By Frobenius Reciprocity, φ| N , χ N = φ, Ind G N (χ) G > 0. Therefore φ| N ⊇ χ, which implies that dim(φ) = dim(φ| N ) ≥ dim(χ).
Assume that Ind G N (χ) decomposes to k irreducible characters of G, which we denote by φ 1 , . . . , φ k (these may be not distinct). By calculating the degrees:
which implies that k ≤ [G : N ].
We show these inequalities are sharp by considering two examples.
Example B.13. Let G = C p ℓ and N = C p ℓ−1 G. By Proposition B.7, every X (G) achieving c min (G) consists of a single character, which we denote by χ. By the properties of X (G), when restricting χ to N , we get χ| N = ½ N , which cannot be a member of X (N ).
Then, by Frobenius Reciprocity, χ cannot be the induction of a nontrivial irreducible character of N . In this case, c min G N = c min (G). 
